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 This paper presents an alternative approach to solve an optimal phasor 

measurement unit (PMU) placement by introducing two new sensitivity 

indices. The indices are constructed from the information measured from 

PMUs such as voltage magnitude and angle. These two parameters are 

essential for power system stability assessment and control. Therefore, fault 

analysis is carried out to obtain the voltage magnitude and angle deviations at 

all buses in order to construct the indices. An exhaustive search method  

is used to solve the linear integer programming problem where all possible 

combinations of PMU placement are evaluated to obtain the optimal solution. 

Unfortunately, the traditional objective function to minimize the total number 

of PMU placement leads to multiple solutions. The indices can be used to 

assess multiple solutions of PMU placement from the exhaustive method.  

In this work, an optimal solution is selected based on the performance of 

PMU placement in according to the indices. The proposed method is tested 

on the IEEE 14 bus test system. Only four PMUs are required to monitor  

the whole test system. However, the number of PMUs can be reduced to 

three PMUs after applying zero injection bus elimination. 
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1. INTRODUCTION 

Power system failures and fault occurrence are unpredictable due to the revolution of complex 

network growth and uncertain nature catastrophic. This leads to insecure and unstable operation of the power 

system [1]. Therefore, a wide area monitoring scheme is extremely important to monitor the whole  

power system operation and make a proper preparation for possible system stability issues [2-7].  

Phasor measurement unit (PMU) is installed for this monitoring purposes. The device measures synchronized 

data of voltage phasor, current, and power that can be used to accurately estimate the system condition [8, 9].  

The advantageous of PMU installation that enable real-time measurement of voltage, current and frequency 

have provided attracted many reearchers to study its applications in power system. One of the applications 

that can be used from the PMU information is a power system stability assessment [10-12]. Although the 

PMUs provide various solution in solving power system issues, the installation cost is still expensive and 

accumulate of repeated data acquisition could cause overload in the monitoring system [13]. As a solution,  

a precise management in PMU placement is required.  

https://creativecommons.org/licenses/by-sa/4.0/
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Over the past years, several works have been carried out to determine an optimal PMU placement 

(OPP) while maintaining full observability of power networks by using redundancy index to select the best 

PMU placement [14-19]. The redundancy index in OPP is used as indicator to decide the best combination 

from several feasible PMU placement solutions. However, the redundancy index might not give enough 

information for power stability assessment. In this work, an alternative method to select the best solution is 

suggested by using new indices that consider potential parameters for system stability assessment.  

All possible combinations will be evaluated using the indices and they are ranked according to their scores. 

The number of evaluations can be reduced by applying certain electrical rules such as ohm’s law and zero 

injection bus (ZIB) [20, 21]. The ZIB is defined as a bus without any load or generator. So, the ZIB can be 

ignored because it doesn’t have any power injections to give effects on electrical parameters.  

A remedial action for mitigating power system failures and cascade power outages could not be 

taken without a proper monitoring system. Therefore, a suitable location of PMU placement is essential to 

monitor the whole system for system prevention and restoration. However, the number and location of the 

PMUs dependin on fault occurrence [13, 22-24]. Normally, the OPP problem is solved using connectivity 

matrix without considering any restrictions from the network operation. The fault events will affect the 

operating network parameters such as voltage magnitudes and angles. Thus, they are important to be 

considered for the PMU placement that can be used for remedial actions in preventing any power 

interupptions [25]. In this work, voltage magnitude and angle are considered as new benchmark indices to 

solve the OPP problem.  

 

 

2. OPTIMAL PMU PLACEMENT FORMULATION 
An optimal PMU placement is formulated based on linear integer programming problem.  

An exhaustive search is carried out to solve the problem where all possible combinations of PMU placement 

are evaluated to identify the minimum number of PMU placement while maintaining full observability of 

power networks [19]. In the optimal PMU placement formulation, certain rules are considered as stated in [26]:  

a. PMU installed at a certain bus will able to observe all adjacent buses that are connected to it.  

The branch current phasor of all lines connected to the bus can be obtained. This is known as  

direct measurement.  

b. Voltage phasor of the adjacent buses can be calculated from line impedance as the voltage and current 

phasor at one end is known. 

c. If the voltage phasors at both ends of a transmission line are known, the current flow through the line can 

be calculated from the line impedance. This is known as pseudo-measurement. By applying  

the mentioned rules in finding the OPP with ineger linear programming approach multiple possible 

solution will be obtained. PMU placement is modelled as binary variable xi, as expressed below, 

 

xi={
                                 
                                                   

      (1) 

 

According to (1), the total number of PMU placement can be calculated from a summation of the binary 

variable of placement, x. Therefore, the objective to minimize the total number of PMU placement can be 

described as: 

 

   ∑   
 
            (2) 

 

that subjects to full system observability constraints to ensure the whole system network is monitored.  

This can be defined as below: 

 

              (3) 

 

where, N is total number of bus, A is a binary connectivity matrix of the network and w is a column vector of 

observability control parameter. The observability control parameter is used to set the number of PMUs that 

will monitor at each bus.  

More explaination on determining optimal PMU placement is given based on a five bus system as illustrated 

in Figure 1. The binary connectivity matrix, A can be obtained from branch data of the network as expressed 

in (4). Alternatively, it can be directly constructed from the admittance matrix in which all non-zero elements 

are assumed 1s and 0s. 
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ai,j={
                                                             
                                     
                                                         

      (4) 
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Figure 1. An example of 5-bus system 

 

 

The binary connectivity matrix A for the 5-bus system can be constructed, 
 

A=

[
 
 
 
 
         
         
         
         
         ]

 
 
 
 

         (5) 

 

The length of the binary variable of placement, x is equal to the number of bus in the system as given in (6). 
 

x=[                  ]        (6) 
 

In (3) can be further expanded by considering (5, 6). It can be expreesed as, 

 

A.x=

{
 
 

 
 
                                       
                         
                                

                                
                                

      (7) 

 

According to (7), full observability can be achieved when all elements are equal or greater than one. 

For example, bus 1 is observed when at least one of the allocated PMUs is installed either at bus 1 or 2. This 

clearly shows that size of the problem is propotional to the number of available location for PMU placement. 

The number of location can be reduced by using the ZIB concept. The ZIB is referred to a bus without any 

generator or load connected to it. Referring to Figure 1, only bus 2 can be considered as ZIB because there is 

no generator or load connected to this bus. Therefore, bus 2 can be eliminated all its adjacent buses need to 

be directly connected to each other to maintain the connectivity. The ZIB elimination process can be done 

using topology transformation technique. The topology transformation technique is used because it is easy to 

implement and faster to form a new connectivity matrix, Anew. In this case, buses 1, 3 and 4 can be directly 

connected after removing bus 2 (i.e., the ZIB) and new constraints are formed using union operator as 

expressed in (8). As a result, total number of constraints can be reduced as shown in (9) before OPP  

is carried out. 

 

  
            

             
              (8) 

 

Anew.x=

{
 

 
  

                                   

  
                            

  
                            

                                             

     (9) 
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2.1.  Sensitivity indices for PMU placement 

Voltage magnitude and angle from PMU measurement are the essential information for power 

stability assessment. Since these variables are commonly used in stability assessment, they can be used as 

indices to rank and decide the best combination of PMU placement. The indices can be constructed using 

fault analysis and used to indicate the critical buses in power networks so that priority for PMU installation 

will be given accordingly. Faults at transmission lines are the prominent issues in the power system [26] and 

therefore, it is used in this analysis. Fault at 50% of the transmission lines are considered and carried out 

using DIgSILENT PowerFactory simulation software. Then, voltage magnitude and angle at each bus for all 

fault locations are recorded. Two indices based on the voltage magnitude and angle can be constructed by 

using standard deviation formula as expressed in (10, 11), respectively. 

 

  
  √

∑        
 

  
         (10) 

 

  
  √

∑        
 

  
         (11) 

 

where,   
  is the standard deviation of voltage magnitude at bus i and   

  refers to the standard deviation of 

the angle.     and     are the different between pre-fault and post fault at bus i for voltage magnitude and 

angle, respectively.    is the average value of fault data at bus i and    is the total number of fault locations. 

The performance indices from the fault analysis are obtained for a specific location. To evaluate  

the performance of PMU placement, all values of the indices in corresponding to the PMU locations should 

be taken into account. Therefore, the best solution is selected based on total value of the performance indices 

depending on the PMU placement as the following: 

 

SOI  ∑       
    

           (12) 

 

SOI  ∑       
    

           (13) 

 

where, SOI  is a summation of the index based on voltage magnitude and SOI  is a summation of the index 

based on voltage angle. An overall process for the proposed OPP is depicted in Figure 2. 
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Figure 2. Flowchart for the proposed method 

 

 

3. RESULTS AND DISCUSSION  

The proposed OPP has been implemented on IEEE 14-bus test system as depicted in Figure 3. 

Referring to this figure, the IEEE 14-bus test system contains 5 synchronous generators, a two-winding 

transformer and a three-winding transformer. One ZIB in the test system is an internal bus  

of the three-winding transformer (bus 7). The problem is solved within MATLAB environment using  
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the exhaustive search method to find the minimum number of PMU installation while maintaining full 

observability of the power network. The results give 5 possible solutions of PMU placement combinations 

without considering ZIB elimination and one solution when considering ZIB elimination. The feasible 

combinations of PMU placement for both cases are given in Table 1 and 2, respectively. Since only one 

solution after ZIB elimination as shown in Table 2, the selection using the proposed indices is not relevant. 

Meanwhile, Table 1 shows 5 different solutions at minimum number of PMU placement that able to monitor 

the whole system. Consequently, a further step is required to identify the best solution. 
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Figure 3. IEEE 14 bus test system 

 

 

Table 1. OPP multiple solution without ZIB elimination 
Binary combination for PMU placement Bus location 

[0 1 0 0 0 1 1 0 1 0 0 0 0 0] 2 6 7 9 

[0 1 0 0 0 1 0 1 1 0 0 0 0 0] 2 6 8 9 

[0 1 0 0 0 0 1 0 0 1 0 0 1 0] 2 7 10 13 
[0 1 0 0 0 0 1 0 0 0 1 0 1 0] 2 7 11 13 

[0 1 0 0 0 0 0 1 0 1 0 0 1 0] 2 8 10 13 

 

 

Table 2. OPP solution with ZIB elemination 
Binary combination for PMU placement Bus location 

[0 1 0 0 0 1 0 0 1 0 0 0 0 0] 2 6 9 

 

 

As mentioned earlier, the proposed indices are based on voltage magnitude and angle deviations 

depending on their locations. Figure 4 illustrates the effects sensitivity levels of each location (bus) in  

the IEEE 14 bus system toward fault occurance in terms of voltage magnitude and angle. In this figure,  

the most sensitive bus is represented by the darkest colour with respect to all fault occurences on lines in  

the test system and vice versa. In Figure 4 (a), buses 1, 2, 3 and 8 can be considered as the least sensitive 

buses in terms of voltage magnitude because they are merely affected to the fault occurences at branches 

other than directly connected to them. On the other hand, Figure 4 (b) illustrates the bus behaviours in terms 

of voltage angle deviations after fault occurred. Buses 12 and 13 can be considered as the most sensitive 

buses in terms of voltage angle followed by buses 6, 9, 10, 11 and 14. This clearly shows that voltage 
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magnitude and angle are responded differently toward the fault occurences in the test system and they should 

be treated in more appropriate way to trade-off between the two parameters. 

 

 

 
 

(a) 

 

 
 

(b) 

 

Figure 4. Sensitivity levels in each bus with respect to fault locations, (a) Voltage magnitude deviation,     , 
(b) Voltage angle deviation,      

 

 

According to (10, 11), the standard deviations for both indices are calculated and buses are sorted 

according to their sensitivity levels. The standard deviation is the most relevant statistical analysis to address 

an overall deviation especially for data with mixture of positive and negative deviations. Table 3 shows the 

standard deviations of voltage magnitude and angle that are ranked in according to their sensitivity levels. It 

clearly shows that bus 8 is the least sensitive and bus 12 is the most sensitive bus in terms of voltage angle. 

Meanwhile, bus 14 is the most sensitivite bus and bus 8 is the least sensitive in terms of voltage magnitude. 

Therefore, buses with higher sensitivity levels will be given more priority for the PMU placement. Table 4 

shows an overall performance for the PMU placement solutions in Table 1 and they are ranked in according 

to the two indices from the highest to the lowest. According to the results, there are different combinations of 

PMU placement between the two indices. Although the combination of 2, 7, 10 and 13 is the highest based 

on the voltage magnitude index, it is lowest in terms of the voltage angle index. Therefore, the combination 

of 2, 7, 11 and 13 is selected as the best solution after considering trade-off between the indices. This is 

basically based on the highest rank for the voltage angle index and second highest for the voltage  

magnitude index. 
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Table 3. Sensitivity levels of system buses based on voltage magnitude and angle deviations 

Ranking 
Voltage magnitude,   (p.u) Voltage Angle,   (degree) 

Voltage magnitude deviation,   
  Bus Voltage angle deviation,   

  Bus 

1 1.958 14 37.317 12 

2 1.951 10 29.988 13 
3 1.912 12 27.986 6 

4 1.901 11 27.032 4 

5 1.880 13 26.615 5 
6 1.861 5 24.986 3 

7 1.797 4 23.082 11 

8 1.790 9 22.437 9 
9 1.720 1 22.207 14 

10 1.702 2 21.367 10 

11 1.520 6 21.064 2 
12 1.478 7 13.725 7 

13 1.347 3 9.118 1 

14 0.776 8 5.730 8 

 

 

Table 4. Performance of the feasible PMU placements in according to the proposed indices 

Ranking 
Voltage magnitude,  (p.u) Voltage Angle,  (degree) 

PMU placement (bus) SOI  (p.u) PMU placement (bus) SOI  (degree) 

1 2,7,10,13 7.0128 2,7,11,13 87.8621 
2 2,7,11,13 6.9629 2,6,7,9 85.2148 

3 2,6,7,9 6.4916 2,8,10,13 78.1512 

4 2,8,10,13 6.3104 2,6,8,9 77.2195 
5 2,6,8,9 5.7892 2,7,10,13 56.1465 

 

 

4. CONCLUSION  

This paper presents new sensivity indices to select the best solution from the multiple possible 

solutions obtained from the exhaustive search method based on the conventional objective function  

to minimize the total number of PMU placement in power networks. The presence of ZIB is also possible  

to reduce the total number of PMU placement. The indices are constructed from fault analysis to indicate  

the sensitivity level of each bus toward fault occurance. A standard deviation formula is adopted  

in the indices to give an overall performance of each bus toward all possible fault occurance. Then, 

summation of the indices depending on the PMU placement is used to select the best PMU placement 

combination. Based on the simulation result, it shows that all buses in the network represent different 

sensitivity according to the fault occurance. Since higher priority will be given to more sensitive buses,  

the highest value of the proposed indices from the possible PMU placement combination is selected as 

optimal solution. In addition, the information from the installed PMU can be useful for further angle  

stability assessment. 
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